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Abstract.In thegeneralKaluza-Kleintheoryonaprinci~albundleP with structure
groupC, theverticalpart ofthemetric g on P isdefinedbya scalarfield ‘y on P.
Weconsider‘y asa Higgsfield bu4insteadoflookingforanappropriatepotential, we
constrainthis scalarfield to a C -orbit. Thisprocedureprovidessymmetrybreaking
andthe Yang-Millspart ofthefieldssplit into aresidual Yang-Mills fielda.nda setof
vectorbosonswhichareshownto bemassive.Wewrite downthefield equationsfor
gravity, Yang-Millsandmassivegaugebosons.Anexamplewith internal symmetry
group Spin(4) brokento U( 1) is workedout.

1. INTRODUCTION

Thetheoryproposedby T. Kaluza [1] and0. Klein [2] for theunificationof gravita-

tion aridelectromagnetismadmits asimple arid elegantgeometricalinterpretation:the

electromagneticpotentialcorrespondsto a connectionon aprincipal bundle M5 with

structuregroup U( 1) andbaseM4 (space-time)[3] andit canbecombinedwith the

gravitationfield to form alorentzianmetric on M5 . The field equationsfor theunified

theoryarethenderivedfrom Einsteinequationsfor themetricon M5
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TheKaluza-Klein theorywas first generalizedby R. Kemer[4] (seealsoY. Cho [5])

to aprincipalbundleswith compactnon-abelianstructuregroupsinorderto haveauni-

fiedtheoryof gravitationandotherphysical interactions(whichare describedby means
of Yang-Mills fields). It hasbeenremarkedby Y. Cho and (3. Freund [6] that scalar
bosonscanbenaturally incorporatedto this theoryandmight give symmetrybreaking
providedthey couldbe consideredas Higgsfields. Y. Choand(3. Freundfailedto find

anappropriate<<Higgs potential>>andtheir ideawasconsideredlaterby J. ScherkandJ.
Schwarz[7] who couldonly obtainsymmetrybreakingin aspecialcase(whenthestruc-
ture groupis a so-called<<flat group>>)whichdo notseemto appearnaturally in physics

(for otherapproachessee[8], [9], [10]).

The lastgeneralizationof this picturehas beendone,throughthe introductionof
certainlorentzianmetricson associatedbundles,by E. Witten [11]whosepaperled to
anincreaseof interestin the Kaluza-Kicin theory (a computersearchgave285 papers

publishedfrom 1982 to 1987).
In this paperwe analysethe symmetry breakingin the Kaluza-Klein theoryon a

principal fibre bundle by consideringthe verticalpart of the metric as a Higgs field,

the valuesof which are constrainedto an orbit of thesymmetrygroup. Thisapproach
is relatedto the interpretationof the Higgsmechanismgiven in [12] whereit hasbeen

shownthatconstraininga scalarfield to anorbit is thebasicunderlyingprocedurefor the
creationof massivevectorbosons.Howeverethesituationwe will describebelowdoes

notsatisfyall theusualassumptionsfortheHiggsmechanism[13] [14] [15]: classically,
aninvariantscalarproductischosenontheLie algebraof the (compact)symmetrygroup

and a Higgs field is a scalarfield with valuesin a hermitian spacein which is given a
unitaryrepresentationof the symmetrygroup. In thepresentpaperweareworking with

a varyingnon-invariantscalarproducton the Lie algebrawhich is preciselyconsidered

as theHiggsfield (associatedtothecoadjointrepresentation).
As in theclassicalcase,we obtaina splittingof thegaugefield into a residualYang-

Mills field andvectorbosonswhich are shownto bea massive.This splitting is related
to a foliation of the principal bundleby principal subbundlesnaturallydefinedby the
Higgs field. Using this foliation we computethemassmatrix of the vectorbosonsin

termsof the kinetic energyof theHiggs field.
The field equations(generalizedEinsteinequations)decomposeinto ordinaryEin-

steinequation,Yang-Mills equationandKlein-Gordontypeequationfor the scalarfield.
TheconstraintconditionontheHiggsfield ensuresthatthelastequationisaconsequence

of the secondone.
Thegeneraltheoryis illustratedby anexamplewherethesymmetrygroupis Spin(4)

and is reducedto U( 1) . An imbeddingof SU(2) x U( 1) into Spin(4) couldenable
usto interpretetheresultsin termsof thestandardmodel.Weobtaintwo pairsof charged

massivevectorbosons,aneutralmassivevectorbosonandelectromagneticfield aswell
asgravitation.
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Themechanismof symmetrybreakingdescribedheredoesnot allow for a Yukawa

couplingto fermionsand it doesnotgive riseto fermionmasses.It couldbeusedto de-

scribedthe first stageof symmetrybreakingingrandunified theoriesinwhich fermions
remainmassless.Thesecondstagecanbedescribedin termsof ananalogousmechanism

discussedin a subsequentpaper[16].

2. INVARIANT METRIC ON A PRINCIPAL FIBRE BUNDLE

2.1. Canonicalsplitting

Let ir : P —~ M bea principal fibre bundlewith structuregroup C andconsidera

C-invariant lorentzianmetric g on P with signature(—, + +, . .. , +) , suchthat the
restrictionof g to the verticaltangentspaceat anypointof P is positive-definite.We

denoteby g theLie algebraof C.
Let

‘y: P —~ Ø2g*

be themapgivenby:

(2.1) ‘y(p)(e,vl) = 9(~p,’1p)(P)

where p E P, ~, ~ E g and ~, ~ arethe fundamentalvectorfields on P associated

to ~, i~.It is easyto seethat:
(i) ‘~(p)is aeuclidean(positive-definite)scalarproducton g;

(ii) themap ‘y is equivariant,i.e.:

(2.2) ‘y(pa) = Ad~(a)-y(p)

foreach p E P andeacha E C.

Let w bethel-form on P with values in g definedby:

(2.3) ‘y(p)(w(p)(X),.~) = g(p)(X,~~(p))

foreach p ~ P, X E T~Pand ~ E g.
From (2.1), (2.3) and the C-invariance of g , one deduces that w is a connection

form on theprincipalbundle P [17], [18].
Considerthecovariant,symmetrictensorfield h on P definedby:

h(p)(X,Y) = ‘y(p)(w(p)(X),w(p)(Y))

pEP, X,YeT~P.



314 Y. KERBRAT, H. KERBRAT-LUNC,J.SNIATYcKI

h is obviously C-invariant and h(p)(X, Y) = 0 if one of thevectors X and Y is
vertical.

Hencethereexistsauniquemetrictensor~ on M suchthat:

h 7t~g.

It is clearthat ~ is a lorentzianmetric. Thenwecanwrite

(2.4) g(p)(X,Y) = 7r*~(p)(X,Y)+~l(p)(w(p)(X),w(p)(Y)).

This formulawill becalledthecanonicalsplittingof g.

2.2. Ricci tensor

In this sectionwe computethe Ricci tensorand thescalarcurvatureof the invariant

metric g givenbefore,usingthecanonoicalsplitting (2.4).
It will beconvenientto introducea local frame field

(X0,X~) ~ wheren= dim M, N = dim C,

definedon an openset ir~( U) in P. where U is a coordinateneighbourhoodin M
with coordinates(z~)~<~<~.The vectorfields Xn(C~= 1,... n) are the horizontal

lifts, with respectto theconnectionw , of thenaturalvectorfields on U.

Let (e,2~.~ e~+N) be a basisof theLie algebrag of G. Thenthe vectorfields

= (e<)p (i = n + I ,... n+ N) are the fundamentalvertical vectorfields on P
associatedwith this basis.Wehave:

(2.5)

(2.6) g(X0,X1) = 0

(2.7) g(X~,X1)= ‘y~ with “y~3(p)= ‘y(p)(e~,e~),pE P.

The frame field (Xn,Xj) is non-holonomicand the bracketscanbe expressedin

termsof the curvatureform ~2 of the connectionw and of the structureconstantsof

theLie algebrag as follows:

(2.8) [X~,X~] =

(2.8) [X0,X~] = 0.

(2.10) [X~,X1] CkjjXk

with ~(Xn,X~) = c~13e~[e<,e3.]= c
t~

1e~.
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Let V denotes thecovariantdifferential on P with respect to the Levi-Civita con-

nection of g. Wehave:

2g(V1Y,Z) =X(g(Y,Z)) + Y(g(X,Z))—Z(g(X,Y))—
2.11

—g((X, [Y, Z]) — g([X, Z],Y) + g([X,Y],Z).

Substituting the formulae (2.5) through (2.10) into (2.11) one gets:

(2.12) V~X~= f’~0 Ic X6 —

(2.13) V~X~= V~çX~= ic~.ig~X6 +

(2.14) VEX, = Ig6I~DIX + r~x~

where:
(i) f’ ~ are Christoffel symbols for the metric ~ , i.e.

a a
=

(ii) D~’y~~= X~(’y~~)(covariant derivative with respect to w),

(iii) r’~,arethe Christoffel symbolsof the inducedmetricin the fibres of P. They
canbe computed using (2.11), (2.10) and:

(2.15) X~(’y1~) = +

which is obtained by differentiating(2.2). One gets:

(2.16) F’
1~~= ~-(c~ + C~l+Cjj~).

Note that in the formulae (2.15) (2.16) and in the following, indices are raised or

lowered by meansof themetric g, that is, for latin indices, by means of ‘y and for
greek indices, by means of ~.

The curvature tensor field R of the metric g canbe obtained from (2.12), (2.13),

(2.14) and(2.16)by usingtheRicci formula:

R(X,Y)Z = V~V~Z— V~V,~Z— ~

In the following wewill be interestedonly in theRicci tensorRic and the scalar

curvaturescal
9 of g. Computing therelevantcomponentsof thecurvaturetensorand

contracting, we obtain the componentsof theRicci tensor

Ric~ = Ric(X~,X~) = Ric~— —

(2.17) 1 1

— + ~
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Ric01 = Ric(X~,X~)= +

(2.18)

— ~- ck D0’yJ.k —

Ric~1 = Ric(X1,X1) = S~+ ~-R~ —

(2.19)

+ —

where:

(i) f~i~are the pull-backon P of the componentsof theRicci tensorof ~,

(ii) D~Dcry~1= X~(X0(’y~,))— F
8

0~X6(~y~,.)(secondorder covariantderiva-

tives).

(iii) D~Q~0~= ~ — — ~ (covariantderivativesof Q ).

(iv) S,,~is definedby:

(2.20) S~= —~-K~).— ~-ck~tckJt+ ~ — -ck(cI~k + c~,k)

In thelast equationK1~are thecomponentsof the Killing form on g.

The scalarcurvatureof g which was alreadywritten in [6] and [7] is equalto:

scalg= scal~ L~C~ — D~(,yktD0~y~)_
(2.21)

— km~nD&~D~ —
1D ~ + 3

where

s = = —~-K~— ~ckuc~
11— c1~c~1k

Thefollowing propositiongivesa propertyof theRicci tensor:

PROPOSITION1. Forevery C-invariant metric g on P:

(2.22) Ric11C~ + Rickf c~/= D~Ric~k+ RicOk.



HOW TO GETMASSESFROM KALUZA-KLEIN THEORY 317

ProoL Contractingtwice thesecondBianchi identity [18]onegets

(2.23) V°Ric~~+V’Ric5~= ~-Xj(scalg).

Let uscomputethedifferentterms in (2.23).

(i) Since seal is C-invariant,the right handsideof (2.23)vanishes.
(ii) Using(2.12), (2.13)and(2.14)) we get:

Vx R~Ca~= Dfi Ric~~+~-~Vjg,~Ric1~—

— ~~Ric~ _~-Dfi’y<)Ric~?,

V~Ric3~ = Xk(Ric,~) + ~-D°~7IkRic~~+~-D~-t~~Rice, —

— 5kRIc~< — ik ic~5

Substitutingtheaboveequationsinto (2.23) andusing (2.16) we obtain:

0 = D~Ric~~+~yJkX~(Ric~5)+
1,~ikDrx~ Ric~

1 _ckk) Ric~5.

Fromthe C-invarianceof theRicci tensorwegetby differentiation:

X~(Ric,5) = Ric51 Ctkj + Ric1~ C~kj

and

,.iJkx(Ric) = Ric5~c~~.

whichcompletestheproof.

3. SYMMETRY BREAKING

3.1. Fieldequations

Weconsiderthegeometricsituationpreviouslydescribedinacontextrelatedto phys-
ics in thefollowing way: thedimensionof M is equalto n = 4 (M standsfor space

time), C is oneof the usual internalsymmetrygroupsof physics(in particular,it is
compact).In the canonicalsplitting (2.4) of aninvariantmetric g,~ is a gravitational

field, w is a gaugefield (Yang-Mills field) and ‘y is a scalarfield. The field equations
for (~,w, ‘i) will bededucedfrom the actionprinciplefor the lagrangianform

(3.1) = seal9v9
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where v9 isthevolumeform of themetric g on P. Theseequationshavealreadybeen

studied[4], [5] in the specialeasewhen ‘y is constanton P.
Thecasewhen ‘y is a dynamicalvariablewith anunrestrictedrangewas considered

by ChoandFreund [6] and Scherkand Schwarz[7].
We are studyinganintermediatesituationby restrictingthe valuesof ‘y to a fixed

orbit. This generalisethe casewhen ‘~ is constant(i.e. with valuesin a singlepoint

orbit). In this situation‘y will beshownto disappear from the spectrumwhile it provides
symmetrybreakingand,consequently,givesmassto someof thegaugebosonsdefined

by the Yang-Mills field w . The field equationswill reduceto equationsfor interacting
gravitation,remaining(massless)Yang-Mills field andmassivevectorbosons.

Let ~ be anorbit of C in Ø~g’, consistingof positive-definiteelements.To each

/3 E E we associatea decompositionof theLie algebrag of C:

(3.2) g=1-1~~1C~=/3

where is theLie algebraof thestabilizer

H$={aECIAd*(a)/3/3} of/3

and

(3.3) ={~Eg~/3(~,i7)=0V7lEfl~}

is theorthocomplementof in g with respectto the scalarproduct /3.

From

= a~H~a

and by orthogonalitywehave

(3.4) ~Ad(u)/3 = Ad(a~)X~

Wedenoteby Jvt the setof invariantlorentzianmetrics g on P suchthat,in their
canonicalsplitting (2.4) themap ‘~ takesits valuesin E.

Denoteby Aut ( P) the automorphismgroup of the principal bundle P and let

f E Aut ( P) : f commuteswith the right actionof C on P. so that thereexistsa
diffeomorphism ~‘ of M verifying it 0 f = o 7t.

Let g E )vt. Then f~gis obviously C-invariant. Moreover,if

g = + ‘y o (w ® w)
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is thecanonincalsplitting of g , we have the canonical splitting of f*g:

f*g = Ir*f~ + (f~) ((f*~)® (f*))

We deducethat Jvt is stableunderthe actionof thegroup Aut ( P).

We restrictthe action principleto the metrics g belongingto fyi. Thenthe field

equationis theEinsteintypeequation:

(Ric~4B_~~scaI
9gAB)6g~~= 0

(3.5)
foreachcovariantsymmetrictensorfield 8g on P
which is an infinitesimalvariationof g in .M.

(in (3.5) the indices A,B rangefrom 1 to 4 + N).
Let g bea lorentzianmetric belongingto M with canonicalsplitting (2.4). Then

aninfinitesimal variationof g in M splits as follow:

(3.6) 69 ~ + ‘~yo(w ® 6w) + ‘~ o(âw® w) + 6’y o(w ® w)

where 6~is an arbitrary infinitesimal variationof ~ , 6w is an arbitrary tensorial

g-valued1-form of type Ad on P [18]and &y : P —~ ®~g~is an equivariantmap
such that

(3.7)
6’y(p) E T.

7(~)8 Vp E P.

With the notationsof 2.2 weseeeasily that the field equations(3.5) split as follows

(3.8) Rie~_~- seal9g~= 0

(3.9) Ric~~= 0

(Ric” —~- Seal9‘y~’)6~y~~0
(3.10) 1

for each equivariantmap 6’y : P —~®~g~satisfying (3.7).

PROPOSITION2. Theequation(3.10) is a consequence of the equation (3.9).

Proof Let 6’)’: P —~ ®~g*beanequivariant map suchthat 6’y(p) E
From(3.2) we deduce that for each p E P there exists a unique )¼( p) E K~(~,) such

that
6’y(p) =
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Usingtheequivarianceof 6’y and (3.4) it is easyto showthat themap )~: P —* g
is alsoequivariant.

Introducinga basis (e1 ,.. . , e~)of g wehave~(~) = ~‘(p)e~ and

= 6’y(p)(e~,e,)=

= ‘y(p)([)I(p),e~],e5)+‘)‘(p)(e~,[)I(p),e5]).

Therefore

(3.11)
8’i~

1(p)= )~k(p)(c + C)Ik).

Substituting (3.11) into the left hand sideof (3.10)we obtain:

(3.12) (Ric~’ —~-sca19’~y’~)6’y~j = 2)~(Ric(jc1kJ + ~-scal9c~k).

The conclusionof the prooffollows easily from (2.22), (3.12) and the compactness

of C (what implies thatall the C
ttk = Tr(ad(ek)) vanish).

3.2. Decompositionof the Yang-Mills field

In the previoussection,we havefound that for invariantmetrics g E M , Einstein

equationsreduceto (3.8) and (3.9). In the following, we will showthat the derivatives

ofthe scalarfield ‘y disappearfrom theseequations.Meanwhile,partof thegaugefield

appearto bemassive.
Let g E fyi with canonicalsplitting g = ir*~+,.yo(w®w). Thescalarpart‘~ of g

definesa foliation of P whoseleaves = ‘y~(/3),/3 E &, areprincipal subbundles

of P —f M. The structuregroup of the principal bundle is thestabilizer of
/3. We associateto this foliation a splitting of the gaugefield w as follows:

PROPOSITION3.

1. There existsa uniquedecomposition

(3.13) w=w’+a

where:
(i) w’ is a connectionform on P suchthat itsrestriction to the tangentspaceat a

point p to theleaf Q
1(~)containingp takesits values in fl~~)

(ii) a E ~(P,g) isastensorial I-form suchthat,foreachpEP, cr(p) takes
its valuesin ~C,1(~,)

2. Thehorizontalspaceat anypoint p E P for theconnectionw’ is containedin

the tangent space to the leaf Q.1(~)
3. The pull-back of theconnectionw’ to anyofthe leaves isa connectionform

on the bundle Q~.
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Proof Wemakeuseof the decomposition

(3.14) T~P= T~Q.7(~)~

where VP is thesubspaceof theverticalspaceat p definedby

(3.15) = {~~ex~tei~oI ~E

Theuniquenessof the decomposition(3.13)isdirectlyderivedfrom (3.14).
Furtherwegive belowan explicit expressionfor w’: for /3 E e , let Up : g —~ li~

betheprojectionwith kernel K~and,for p E P , let v~,: T~P—, V~betheprojection
withkernel T~Q1(~). The l-formw’ E L~(P,g)givenby

(3.16) W, = U1~ 0 Wp+ Wp 0 V,

is easilyshownto satisfythepropertiesof connections[17]; for thispurposeonecanuse
the following formulae:

(3.17) (w~0 v~)(~PexP(t~)t0) = — u~(~)(~)p E P, ~ E g.

(3.18) UAd.(a)p = Ad(a~)oup oAd(a) /3 E E, a E C.

(3.19) ~ pEP, aEC.

(we recall that R~: pEP F—~ pa E P istherighttranslationonP by a E C).
It is obviousfrom (3.16)that w

1 and a = w — w1 verify theconditionsof thepropo-

sition.
Finally, 2 is easily deducedfrom (3.14) and(3.16) and 3 is a consequence of the

definition of w1.

With notationsof proposition3, theconnectionw’ will becalledthe residual Yang-

Mills fieldand the tensorial form a will describevectorgaugebosonswhich will be

shownfurtherto bemassive.
Let (X , X ) ‘�~�~ be the local frame field consideredin section2.2. Using the

5<i<N+4
proposition3, we computethecovariantderivativesD~~

5as follows: first we notice

that thehorizontal(for w ) vector X~(p)admitsthedecomposition:

(3.20) X~(p)= X~(p)+ -pexp(—t~(X~)(p))I10

where X~is the horizontal lift according to the connection w
1 of the vector field

(see[12]). Since X~(’y)= 0 (proposition 3, part 2) we deducefrom (3.20):

D~~j(p) = X~(~)(p)(e~,e
5) = ~ =

= ~ I~o=
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Letus write:

(3.21) a(Xa) =

then we have:

(3.22) D~~5= —a~(c~k~-yL.~+ CkJ’7~l).

Contracting(3.22)with ‘y~ weobtain:

(3.23) ‘y’~D~,.’i~,= —2 Tr(ad(a(X~)))= 0.

Equation(3.22)impliesthat thekinetic energyof theHiggsfield ‘y canbeexpressed

in termsof thetensorialform a and thusdisappearfrom the lagrangianseal9.More-

over, theformula(3.23) allowssimplificationsof the field equations(3.8), (3.9) for the
dynamicalvariables (~,w)whichcanbewritten,using(2.17),(2.18)and (2.21):

(3.24) — — km~flD — ~- seal9~ = 0

(3.25) ~ — = 0

where

seal9= seal-9~ ~ —

(3.26)

— ~-K’1 —

Accordingto proposition 3, we will consider,from now on, (~,w’,a) as the dy-

namicalvariablescorrespondingto theKaluza-Klein field g submittedto theconstraint

which forces ‘~ to take its valuesin the C-orbit ~. In orderto write the field equation,

for thesedynamicalvariables,we haveto expressthecurvatureof w and its covariant

derivativesin termsof w’ and a. Wehave:

= Q(X~,X~)= Q(X~,X~)=

= dw(X,~,X~)+ [w(X~),w(X~)] =

= dw’(X~,X~)+ da(X~,X~)+ [a(X~),a(X~)].

Hence

(3.27) Q.~= Q~+(dw’a),~+[a(Xa),a(Xp)]
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or

(3.28) = + d~”cr’~+

where d ~“a is theexteriorcovariantdifferentialof a with respectto w’.

Ontheotherhand,let D’ denotethecovariantderivationwith respecttotheconnec-
tion w’. Then,using(3.20)wehave(for any p E P):

(3.29) D;~,~~p(p)— D~~~(p)= ~-~p(pexp( —ta(X~)(p)))~.

Since thevectors X(~are invariantby theright actionof C on P. thecurvature
components~ satisfy:

(3.30) f~~(pa)= Ad(a~)~~p(p) p E P, a E C.

Reporting(3.30) into (3.29)onegets:

(3.31) D~,f2~p D~ap+[a(XA),L~ap}.

We deducefrom (3.31)and (3.22)that:

(3.32) D~c211~~= ~ —

Hence,thefield equation(3.25)canbewritten:

(3.33) D’~2
5~~— akpc~ttfie?— ckhtD~~y~

1= 0.

Combinedwith (3.28)and (3.22), (3.33) givesthe field equationsfor thedynamical
variables w’ and a.

To makeit clearerwerestrictto a subbundleQ~(/3 E &) and wechoosethebasis

(e1,. .. e~)of theLie algebra g in such a way, that it is adaptedto the decompo-
sitiOn (3.2). We denote (el1)5<~1<4+N_d thebasis vectorswhich belong to fl~ and

(e~�)5+N_d<~2<~Nthose belonging to )C,~ (d = dim &). The following formulaeare
obviousconsequencesof this choiceof basis:

I /3~~= c~Jk = C~jt = 0
(3.34)

Ckjj + Ctjk = 0

(recallthat indices k,£, without subscriptsrangefrom 5 to 4 + N).
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Making useofproposition2 and of formulae(3.22), (3.28)and (3.34),weobtain,on

asplitting of equation(3.33) into equations(3.35)and (3.37)written below:

(3.35) DIP~Ii1I~
8=

where (j ~) are the components of a current I-form (with values in lip) associatedto
thematterfield definedby a asfollows:

j’~ = _ak2~(c’1t2~D~Pa~p— ct2k~c~mJ1am2$a~$)+

(3.36)
+ ak2p(clk3Idw~at2cf+ c’~k2l2D~a~).

D~d~’aJ2~p+ ck32~ckI2t+ctt2k)a$2~=

(3.37) = c

32 k
2l2a~D~a/3+ ak2p(ctt)2c�~t

3+ c~kda~~

~2 1/3 £~ .72 £ m
2 /9

—c a a+c~ Cm,..2ff Qa ).

Onerecognizesin (3.35) the standardgaugefield equationfor theresidualYang-
Mills field w

1 and in (3.37) the field equationfor thevectorgaugebosonsdefinedby the

tensorialform a. Wenoticethatall termsin therighthandsideof (3.37)arenonlinear

in (w’, a) and correspondto interactionsbetween w’ and a,or to self interactions
of a. Hence,all the informationsabout themassof thevectorial bosonicfield a are

containedin thesecondterm of the left handsideof (3.37).Thiswill be discussedin the
nextsubsection.

3.3. Massesof vectorgaugebosons

Forany /3 E E ,andforanylinearendomorphismf E .C(g) ,let f~E £(g) denote

theadjoint endomorphismof f with respectto thescalarproduct /3 in g

/3(fe,zi)=/3(E,f~i) ~

We associatewith each /3 E E~a bilinearform B(/3) on g defined by:

(3.38) B(/3)(e,~)= K(~,ii)+Tr(ad(71)~oad(~)),

where K is the Killing form of g.
Using thecoefficients /3kt = /3(ek,et) of the matrix of /3 associatedto thebasis

(e
1, . . . ,eN) of g and thecoefficients/3~of the inverse matrix, we have:

(3.39) B(fl)(e,ii) = K(~,rj)+

and

(3.40) B(/3)1, = B(/3)e1, e’.) = K~,+ I3kt/3mnCmikCmjt.
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PROPOSITION4.

1. Foreach~3E &, thebilinearform B( /3) issymmetricnonnegativeanditskernel

is theLie subalgebraU~.

2. For /3 E ~ and /3’ = Ad *( a) (/3) E E thebilinearforms B( /3) and B( /3’) ~

relatedby:

B(f3’) = Ad*(a)B(f3).

Proof
1. The symmetryof B(f3) is obvious from (3.39).
Since K(~,e)= Tr((ad(~))2)= Tr((ad(e)~)2)wecanwrite

(3.41) B(/3)(~) = ~-Tr((ad(O + ad(~)2).

ltfollows from (3.41)thatB(/3)(~,~)� 0 and that

Ker(B(/3))={EEg~ad(~)+ad(~=0}=lI~.

2. Oneobtainseasily,for f E £(g),/3E &,a E C:

f~d.(
0)/3=Ad(a~)o(Ad(a)ofoAd(a’))~oAd(a).

When f = ad(~),~E g ,thisformulacanbewritten:

(3.42) ad(~),~d.(~)fi=Ad(a’)oad(Ad(a)~)~oAd(a).

Usingthe C-invarianceof theKilling form K and (3.42)weget:

B(Ad
t(a)/3)(~,~)= K(Ad(a)~,Ad(a)

1~)+

+Tr(ad(Ad(a)~),~oad(Ad(a)~))=

= B(/3)(Ad(a)~,Ad(a)~) Q.E.D.

(2)

Let M(/3) E £(g) bethe linearendomorphismof g associated to /3 E e by:
(2)

B(/3)(~,i~)=

(2)
Fromproposition4 (part I), wededucethat M( /3) stabilizes andthattheeigen-

(2)

valuesof therestrictionof M( /3) to arepositive. Ontheotherhand,it follows from
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(3.40) that the coefficient of a
12a in the secondterm of the left handside of (3.37) is

(2)

the general component of the matrix which represents the restriction of M( ~3)to
in the basis (e, )5+N.-d<j

2<4+N~ Choosingthesebasisvectorsto be eigenvectorsfor
(2)

(2)

M( /3) e32 = (rn,2)
2e~, m

12 > 0,

theleft handsideof (3.37)takesthefollowing simple form:

Dl/9d~~~’O~l2a$+(mj2)
2a72a

Hence,themassdistributionof thevectorgaugebosonsdefinedby a is givenby the
(2)

squarerootsof thenon-vanishingcigenvaluesof M( /3) . It follows from theproposition
4 (part2) that thismassdistributiondoesnotdependonthepoint /3 of theorbit f which
is usedforcomputationsandconsequently,that it is intrinsically given by theorbit E.

4. ANEXAMPLE

In this sectionweconsiderthetheoryintroducedbeforein thecasewhenthe internal
symmetrygroup is Spin(4) and wheresubbundlesassociatedto the scalarpart ‘y of a
Kaluza-Klein metric g (section 3.2) have structure groups isomorphic to U( 1) . The
group Spin(4) is knownto bethe productof two simplenormal subgroupsisomorphic

to SU(2) [20].
Themassdistributionof thematterfield a correspondingto a solutionof field equa-

tions (3.24), (3.35), (3.37), is determinedby the choiceof a 5-dimensionalorbit ~ of
Spin(4) in Ø~g*~Suchan orbit is obtainedin the following way.

Let H bea connected,1-dimensional,closedsubgroupof Spin(4) , not contained in
anyof the SU( 2) factors(thisassumptionis madein ordertoobtainas amanycharged
vectorgaugebosonsas possible).

For eachscalar product /3 E ®~(spin(4))”such that Hp = H, we can take
= Ad*(Spin(4))/3. In orderto determinethe scalarproductssatisfying H/3 = H

wechooseabasis(e
11...,e6) of spin(4) verifying:

(i) [e1,e2] = e3, [e2,e3] = e1, [e3,e1] = e2

[e4,e5] = e6, [e5,e6} = e4, [e6,e41= e5

[e1,e,]=O forl <i<3, 4<j<6

(ii) thereexistsa real numbera > 0 suchthat:

Q = e3 + ae6
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is a generatorof theLie algebraii of H.

A straightforwardcomputation shows that a scalar product /3 on spin(4) is
Ad*(H)~invariantif and only if its coefficients /3,~= f3(e1, e,) verify:

(4.1) /312=/3l3=/323=/334=/33s=/316=/326=/34s=f3~=/356=0

(4.2) /
3ii — /322 = ~ — = 0

(4.3) /~24+ a/3
15 = 1315 + = /3~,— a/3~= — a/334 = 0.

We deducefrom conditions(4.3) that a = I is necessaryfor H~= H (if a� 1

theseconditionsare equivalentto /~14= = /324 = = 0 , and Hfi is easily seen
to containthe2-dimensional,abeliansubgroupof Spin(4) generatedby (e3,e6)).

Assuming a = 1 weobtain H~= H if:

(4.4) 0<(/314)
2+C8

1s)
2~(/3

36)
2.

Thereforethereis a family of scalarproducts /3 satisfying H~= H , dependingon

the 7 parameters(~3~~ ,/3~,P~,/3~) satisfying(4.4). Notice that, since
the centralizerof H in Spin(4) is 2-dimensional,we canassume,without loss of
generalityontheorbit e = Ad (Spin(4)) /3 that, moreover,/3~~= 0

Fromnow on,wechoosea positivescalarproduct /3 on spin(4) suchthatits com-
ponentsin thebasis (e

1,... ,e6) verify:

/312 = /~l3= ~ = /~16= /323 = /~24= 0,

(4.5) $26=/334=/335=$45=/3~=/356=O

= /322, /~14= /325, /344 =

(4.6) 0 ~ I/~I4I~1/3361.

A straightforwardcomputation,using(3.40), showthat thebilinearform .B( /3) defined

on spin(4) by (3.38)satisfiesalsotheconditions(4.5).
(2)

Therefore,themassendomorphismM(/3) definedin (3.43)stabilizesthe threeCar-
tan subalgebrasC1,C2,C3, of spin(4) , respectivelyspannedby {e1,e4]’,{e2,e5},

(2)

{ e3,e6 }. Moreover,therestrictionsof M( /3) to C1 and C2 admitthesamematrix in
thebasis (e1,e4) and (e2,e5) respectively.It follows that C1 ~C2 isthedirectsum

(2)
of two 2-dimensionaleigenspaceof M(/3) with eigenvalues(rn1)

2 and (rn
2)

2. On
(2)

theotherhand,theintersection)C,,~flC
3 is alsoaneigenspaceof M( /3) with eigenvalue
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(rn
3)

2. Sincenon-vanishingelementsof C
1 ~C2 do notcommutewith Q = e3 + e6

wecanconcludethatthechoiceof the orbit E for theconstrainton the verticalpartof
Kaluza-Kleinmetric g generatesamatterfield a whichis composedof:

(i) a pairof chargedvectorbosons,eachmassbeingequalto m1

(ii) a pairof chargedvectorbosons,eachmassbeingequalto m2

(iii) a singleneutralvectorbosonwith massequalto m3

5. CONCLUDING REMARKS

5.1. The mechanismdiscussedin section 3 to get symmetrybreakingfrom Kaluza-

Klein metricscannotbe appliedto the standardmodel,wherethe symmetrygroup is

C = SU(2) x U(1) andwherethesymmetryis brokento a connected,1-dimensional
subgroupdifferentfrom thecenterof C.

Thisis dueto thefactthat, in this case,thestabilizerH~of anyscalarproduct /3 on

g haveto containthecenterU( 1) of C. Howeverit seemspossiblethat thisprocedure

couldbeusedto studythe<<leptoquarkbosons>>in the SU(5) Model [13].

5.2. Let usgo backto section3 wherean orbit ~ of C in ®~g~has beenselected.
Thenit is easyto associatewith anymetric g E .M on theprincipalbundle P , a Witten
ansat.z[11] forKaluza-Kleintheory on an associatedbundlewith fiber E.

On theotherhand,onecannotice that the mechanismof masscreation described
abovereliesonthefollowing fact: theverticalpartof a Kaluza-Kleinmetricon a prin-

cipal bundlecanbeconsideredas a Higgsfield. It is possibleto generalizethe Witten
ansatzin sucha waythat themetricon anassociatedbundlewith fiber C/H (reductive
homogeneousspace)containsa map ‘y : P —~ ~ But, in general,and sincethe
subgroup H is not normal in C, this map ‘y cannotbe C-equivariant.Therefore,it

does not seem possible to generalize our procedure to the Kaluza-KJein theory on an

associatebundlewith fibera reductivehomogeneousspace.
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